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a b s t r a c t 

In this study, modulated ultrasonic elliptical vibration cutting (modulated UEVC) is proposed to generate micro- 

structured surfaces on brittle materials in ductile-regime. A novel tool is first developed to generate 2-D combined 

resonant and non-resonant vibrations in a single compact structure. The ultrasonic elliptical vibration is excited 

at the coupled resonant frequency of 20 kHz to enhance the ductile-to-brittle transition depth, while the simul- 

taneously generated non-resonant modulation motion (up to 2 kHz) is used to adjust the tool center to generate 

surface structures dynamically. A theoretical model is established to analyze the instantaneous uncut chip thick- 

ness in modulated UEVC by considering a more general case of an inclined elliptical vibration trajectory. The 

analysis indicates that the orientation angle of 135° is optimal to achieve the maximal critical depth-of-cut in 

ductile-regime cutting. Experimental results are provided to demonstrate the process capability and to verify the 

proposed theoretical model. Micro dimple arrays have been successfully generated using the proposed modulated 

UEVC for a depth-of-cut up to 700 nm in ductile-regime, and an extended depth-of-cut up to 1 μm with minimal 

surface damage. 
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. Introduction 

Micro-structured brittle materials represented by silicon, glass, tung-

ten carbide, etc. have a broad prospect in advanced optical applications

1] . For example, silicon and glass components with regular surface

tructures can be used as micro-optics for function integration and mini-

ization of advanced optical systems [2] , while tungsten carbide molds

ith micro-structured surfaces can be used for the mass fabrication of

olymer optics [3] . Up to now, in optics and optical mold manufactur-

ng, ultra-precision cutting using single-point diamond tools is still dom-

nant. However, the direct machining of brittle materials with crack-free

nd micro-structured surfaces using single-point diamond tools is still

hallenging [4] . 

Single point diamond turning is able to directly machine brittle ma-

erials in the ductile-regime due to its capability to remove materials

ith extremely small chip thickness [5] . By limiting the depth-of-cut

DOC) within a critical value, the brittle materials can be removed by

lastic chip flow at a fine scale, termed as ductile-regime cutting [6] .

ingle point diamond turning has also shown some promising results in

uctile-texturing of micro-structured brittle materials with the combi-
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ation of fast/slow tool servo techniques [7] . It offers a great advantage

n terms of nanometric surface finish, stringent form accuracy, high flex-

bility, as well as the elimination of remounting and further polishing

perations [8] . However, due to the low fracture toughness of brittle

aterials, the DOC in diamond turning is limited to a small range (e.g.,

8 nanometers for silicon [9] ) to avoid brittle fracture induced surface

racks [10] . The strictly limited critical DOC significantly restricts the

achining efficiency, flexibility and achievable aspect ratio of micro-

tructures [11] . 

To improve the critical cutting depth in ductile-regime machining,

ltrasonic elliptical vibration cutting (UEVC) has been successfully ap-

lied in the ultra-precision diamond cutting of many brittle materials

ncluding silicon [9] , glass [12] and tungsten carbide [13] . In UEVC, ul-

rasonic elliptical vibration is added to a diamond tool to form overlap-

ing tool trajectories [14] as shown in Fig. 1 . The instantaneous uncut

hip thickness is thus significantly reduced to the path difference be-

ween two vibration cycles even with a large nominal DOC [15] . If the

aximal uncut chip thickness within a vibration cycle is kept below the

uctile-to-brittle transition distance, ductile-regime cutting is achieved

or much enhanced nominal DOC compared with conventional diamond
 (P. Guo). 
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Fig. 1. Process principle of ultrasonic elliptical vibration cutting (UEVC) for 

brittle materials with reduced uncut chip thickness (to be more rigorously de- 

fined in Section 3 ). 
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Fig. 2. Modulated UEVC with a single 2-D vibration cutting tool. 
utting [16] . The improvement ratio of critical DOC has been reported

p to 12.8 times for silicon [9] . Hence, UEVC is promising for ductile

urface texturing of brittle materials with much-improved efficiency and

apability [11] . 

In order to apply UEVC for ductile cutting of micro-structures on brit-

le surfaces, additional control of nominal depth-of-cut is essential for

reating micro-structured surfaces. One solution is to dynamically adjust

he elliptical vibration center by mounting the UEVC tool on a fast/slow

ool servo [17] . However, this method is very limited in terms of fabrica-

ion efficiency due to the narrow working bandwidth of slow tool servo.

eanwhile, the UEVC tool is usually too heavy for a fast tool servo,

hich reduces its working bandwidth thus the fabrication efficiency

ignificantly. Moreover, due to the strict conditions of ductile-regime

utting of brittle materials in terms of tool trajectories and positioning

ccuracy, no commercially available device could combine UEVC with

 fast tool servo for ductile surface texturing of brittle materials [ 18 ,

9 ]. In order to overcome the problems mentioned above, an interest-

ng strategy to use vibration amplitude control of UEVC for dynamic

epth adjustment has been proposed to sculpture micro-structures on

ifficult-to-cut materials [20] . By controlling the vibration amplitude

f UEVC in the DOC direction, micro-dimples and grooves have been

uccessfully fabricated on tungsten carbide [21] and silicon [22] . The

mplitude control method provides precise control of the cutting depth

odulation, but is restricted by the low bandwidth of 300 Hz [20] and

mall feature depth (up to the vibration amplitude). Besides, the ampli-

ude control method also changes effective uncut chip thickness, which

ight violate the ductile cutting condition if the vibration amplitude in

he DOC direction is too small [9] . 

In addition, non-resonant vibration cutting has also been used for

uctile machining of silicon. Wang et al. proposed a 2D high-bandwidth

on-resonant tool to generate trapezoidal vibration to explore the possi-

ility that non-harmonic vibration can further improve the critical duc-

ile cutting depth of silicon compared with harmonic elliptical vibra-

ion [23] . Similar 2D non-resonant vibration tools have been developed

y Zhou et al. [24] and Yuan et al. [25] to achieve dual-frequency el-

iptical vibration texturing. However, due to the limitation of natural

requency ( < 7 kHz [23] , < 2 kHz [24] , < 0.5 kHz [25] ), these designs

f non-resonant tool cannot generate ultrasonic elliptical vibration to

exture micro-structures on silicon. 

The current challenges to apply UEVC in ductile-regime texturing of

icro-structured surfaces mainly lie in two aspects: (1) the minimum

eature-length limited by the tool motion bandwidth and (2) the maxi-

al feature depth limited by the critical ductile-to-brittle transition dis-

ance. In response to the above-stated challenges, we propose a mod-

lated UEVC method to use 2-D combined resonant and non-resonant

ibrations from a single tool to achieve high-bandwidth ductile textur-

ng of brittle materials. We first present the design of a unique hybrid

ool to operate in the resonant mode at 20 kHz for ultrasonic elliptical

ibration cutting and simultaneously in the non-resonant mode within
 kHz to provide cutting depth modulation. We further investigate the

utting mechanism and ductile-to-brittle transition in the proposed sur-

ace texturing process, especially the effect of orientation angle of ul-

rasonic elliptical trajectories on the critical cutting depth of a typical

rittle material (single crystal silicon). We demonstrate the ductile tex-

uring results of dimple arrays on silicon surfaces using the proposed

ethod and compare the results with those obtained from conventional

iamond cutting. 

. Modulated UEVC with 2-D combined resonant and 

on-resonant vibrations 

The principle of modulated UEVC process using 2-D combined res-

nant and non-resonant vibrations is illustrated in Fig. 2 . With a very

ompact tool structure, the 2-D vibration tool is designed to have its

rst two resonant modes in the ultrasonic range. The typical frequency

esponse curve of the tool will resemble a second-order system as shown

n Fig. 2 . The output vibration amplitude is linearly related to the exci-

ation voltage in the lower frequency range, while significantly ampli-

ed at the resonance in the ultrasonic frequency range. Owing to this

nique frequency response characteristic, the 2-D vibration tool oper-

tes at the resonance frequency with very small excitation voltage to

enerate amplified elliptical vibration at a fixed ultrasonic frequency,

hile utilizing the flat frequency response in the lower frequency range

o act as a non-resonant tool simultaneously. In this way, modulated ul-

rasonic elliptical vibration can be generated as shown in Fig. 2 , where

he ultrasonic elliptical vibration is utilized to increase the critical depth

n ductile-regime cutting, while the non-resonant motion is used to dy-

amically modulate the elliptical vibration center to generate surface

icro-structures. One unique innovation of this method is the utilization

f the same structure and driving units to achieve combined vibration

ith a much wider operation bandwidth. 

.1. Tool design 

The tool design is illustrated in Fig. 3 (a), where the overall dimen-

ion is 36 mm × 36 mm × 10 mm. To generate combined resonant and

on-resonant vibrations, the design of a 2-D vibration cutting tool uti-

izes a compact compliant structure actuated by two piezo stacks. The

ompact design sets the first two structural resonant modes in the ultra-

onic frequency so that the lower frequency band will have a uniform

esponse. The compliant structure, leaf-spring flexure hinge (LSFH), con-

ects the piezo stack actuators (PSAs) and the end effector, which is used

o transmit only the axial motion of piezo actuators and to decouple the

ross-coupling. Based on the linear superposition principle, the resonant
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Fig. 3. (a) Design of the proposed 2-D vibration tool; (b) modal analysis results of the first and second resonant modes in the Y (23.0 kHz) and X (23.4 kHz) directions; 

(c) measurement system of vibration amplitudes. 
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w  
nd non-resonant mode motions can be independently controlled with-

ut interfering with each other. The tool prototype was fabricated from

pring steel for its high elasticity and fatigue strength. The end effector

ith the flexure hinges was machined from a single piece using wire

lectrical discharge machining. 

A finite element method (FEM) model was set up using the actual

ool dimensions and material properties for structural modal analysis.

he simulation results are plotted in Fig. 3 (b), where the first two reso-

ant modes are identified at 23.0 kHz and 23. 4 kHz respectively. The

ibration direction of the two modes is in accordance with the depth-

f-cut ( Y ) and cutting ( X ) directions. Also, due to the deliberate design

o have the two modes resonant at a similar frequency, mode coupling

an be achieved to generate elliptical vibration in the cutting plane ( XY

lane) by adjusting the phase angles of the two-channel excitation sig-

als [26] . The structure resonance can amplify the output amplitude

rom the PSAs up to five times at the ultrasonic resonant frequency,

hich is otherwise impossible to drive directly due to the extreme cur-

ent requirement. 

In the non-resonant mode, tool trajectories are determined by the

eometrical configuration and direct output from the PSAs. As shown in

ig. 3 (a), two orthogonally placed PSAs (model PK44K2P2, Thorlabs ) are

sed to generate two independent motions, while two groups of parallel

eaf-spring flexure hinges (LSFHs) are utilized for decoupling. Though in

rinciple the non-resonant mode could have a bandwidth up to the first

esonant frequency, its workspace and frequency bandwidth is limited

y the current output of the piezo amplifier and heat generation from

he dielectric loss, which is further analyzed in Section 2.3 . Besides, the

utput stiffness at the tool tip was simulated to reach 14 N/μm in the

utting direction and 49 N/μm in the DOC direction, which would be

dequate for the ductile-regime cutting at the nano-scale. 

.2. Evaluation of resonant mode operation 

The ultrasonic elliptical vibration can be generated by exciting the

SAs at the coupled resonant frequency with an adjustable phase angle

o tune the trajectory shape. The harmonic excitation signals can be

escribed by: 

 

𝑈 1 𝐿 ( 𝑡 ) 
𝑈 1 𝑅 ( 𝑡 ) 

] 
= 

[ 
𝑈 1 𝐿, 0 − 𝑝 sin 

(
2 𝜋𝑓 1 𝑡 

)
𝑈 1 𝑅, 0 − 𝑝 sin 

(
2 𝜋𝑓 1 𝑡 + 𝛼1 

)] (1) 
here U 1 L and U 1 R are the input voltages to the two PSAs; U 1 L ,0 -p ,

 1 R ,0 -p , 𝛼1 , and f 1 are the amplitudes, phase angle, and frequency of

he excitation signals. 

According to Eq. (1) , the frequency response curves were obtained

y sine sweep tests in the cutting ( X ) and depth-of-cut ( Y ) directions

sing two capacitance displacement sensors and a measurement block

same mass as the cutting insert) as shown in Fig. 3 (c). The results are

hown in Fig. 4 (a), where the pure Y- direction vibration was excited by

etting U 1 L ,0 - p = U 1 R ,0 - p = 3 V and 𝛼1 = 0°; and the pure X -direction

ibration was excited by setting U 1 L ,0 - p = U 1 R ,0 - p = 3 V and 𝛼1 = 180°

he excitation frequency was linearly swept from 0 to 25 kHz. The first

wo resonant frequencies can be identified from the measured results

t 20.0 kHz and 22.0 kHz in the Y - and X -directions respectively. The

iscrepancy between simulation and experimental results of resonant

requencies can be attributed to (1) unconsidered contact stiffness of

nterfaces in the FEM simulation, including the interface between screw

hread and end effector, and the interface between screw head and fixing

lock; (2) the manufacturing error of designed vibration tool, especially

f manufacturing error of leaf-spring flexure hinge, which significantly

ffects the structural stiffness. When excitation frequency f 1 was fixed

t 20 kHz, we measured the elliptical vibration trajectories for different

hase angle 𝛼1 as shown in Fig. 4 (b). The measured ultrasonic elliptical

rajectories show the open-loop performance of the system, which can

e further stabilized with a feedback control system. 

.3. Evaluation of non-resonant mode operation 

The non-resonant motion can be generated by adjusting the input

ignals to the two PSAs subject to the geometric configuration as 
 

𝑢 𝑥 out 
𝑢 
𝑦 

out 

] 

= 

[ 
𝑎 𝑥 − 𝑎 𝑥 
𝑎 𝑦 𝑎 𝑦 

] [ 
𝑈 2 𝐿 ( 𝑡 ) 
𝑈 2 𝑅 ( 𝑡 ) 

] 
(2) 

here 𝑢 𝑥 out and 𝑢 
𝑦 

out denote the output displacements at the tool tip along

ith the X and Y directions; a x and a y are the coefficients that relate

he input voltage to the output displacement, which is calibrated as

 x = 0.053 μm/V and a y = 0.049 μm/V. U 2 L and U 2 R are the input

oltages to the two PSAs with amplitudes of U 2 L , 0-p , U 2 R , 0-p and phase

ngle of 𝛼2 respectively 

The working space, coupling ratio, and trajectory controllability

ere experimentally evaluated for the non-resonant mode operation.
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Fig. 4. (a) Experimental results of the dynamic tests: for X -direction, U 1 L , 0- p = U 1 R , 0- p = 3 V, 𝛼1 = 180°; for Y -direction, U 1 L , 0- p = U 1 R , 0- p = 3 V, 𝛼1 = 0°; (b) measured 

elliptical vibration trajectories for different phase angles ( f 1 = 20 kHz, U 1 L ,0- p = U 1 R ,0- p = 3 V). 

Fig. 5. (a) Dependency of motion strokes on the frequency; (b) results of coupling tests in the X - and Y -directions. 
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irstly, the working space was obtained by considering the PSA stroke

nd the current needed to drive the PSA dynamically. The maximally

chievable stroke is mainly constrained by the frequency-dependent

haracteristic of driving current, which can be estimated by the follow-

ng relationship assuming a sinusoidal driving signal [27] , 

 0− 𝑝 = 𝜋 ⋅ 𝑓 2 ⋅ 𝐶 PSA ⋅ 𝑈 𝑝 − 𝑝 ≤ 𝐼 𝑚 (3)

here U p-p is the peak-to-peak excitation voltage amplitude; C PSA is the

apacitance of the PSA; and f 2 is the driving frequency. The peak current

 0- p is limited by the maximum current capacity I m 

of the piezo volt-

ge amplifier. In the current study, a voltage amplifier (PX200, Piezo-

rive ) is used, which has a maximal current output of 2 A. The motion

trokes of PSA are thus limited by its maximal stoke at low frequencies

nd limited by the current requirement at high frequencies according

o Eq. (3) . Fig. 5 (a) shows the frequency dependency of working space,

here the maximum working space of 16 μm × 15 μm can be achieved

p to 2.1 kHz. 

Secondly, the coupling tests were performed to evaluate the cross-

oupling effect between the X - and Y -direction motions. Pure DOC vi-
ration ( Y direction) was generated by setting U 2 L , 0- p = U 2 R , 0- p = 75 V

ith a phase angle 𝛼2 of 0° The dominant direction and the parasite

otions were both measured. The tests were repeated for the dominant

otion in the cutting direction ( X direction) by setting the phase an-

le 𝛼2 to 180° The results are plotted in Fig. 5 (b). Due to the adoption

f two sets of leaf-spring flexure hinges, the cross-coupling ratios were

easured to be less than 5%. 

Finally, the controllability of the elliptical vibration trajectory at

00 Hz was evaluated with the results shown in Fig. 6 . This non-resonant

lliptical motion (with much precise control based on the geometric con-

guration) is utilized as a modulation motion to adjust the tool center

osition for the proposed modulated UEVC process. 

.4. Evaluation of combined resonant and non-resonant operation 

The combined resonant and non-resonant vibrations can be gener-

ted by superimposing two sets of excitation signals. The first set is at

he ultrasonic frequency to generate the resonant vibration, while the

econd set is within the non-resonant operation bandwidth to modulate



J. Wang, W.-H. Liao and P. Guo International Journal of Mechanical Sciences 170 (2020) 105347 

Fig. 6. Comparison between designed and measured trajectories with different excitation conditions ( f 2 = 100 Hz). 
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he tool tip position. The combined excitation signals can be described

y 

 

𝑈 𝐿 ( 𝑡 ) = 𝑈 1 𝐿, 0− 𝑝 sin (2 𝜋𝑓 1 𝑡 ) + 𝑈 2 𝐿, 0− 𝑝 sin (2 𝜋𝑓 2 𝑡 ) 
𝑈 𝑅 ( 𝑡 ) = 𝑈 1 𝑅, 0− 𝑝 sin (2 𝜋𝑓 1 𝑡 + 𝛼1 ) + 𝑈 2 𝑅, 0− 𝑝 sin (2 𝜋𝑓 2 𝑡 + 𝛼2 ) 

(4) 

Again, f 1 and f 2 denote the high (usually ultrasonic) and low fre-

uencies respectively; U 1 L ,0 -p , U 1 R ,0 -p , U 2 L ,0 -p and U 2 R ,0 -p are the corre-

ponding signal amplitudes; 𝛼1 and 𝛼2 are the phase angles between the

wo-channel driving signals. As shown in Eq. (4) , each PSA is actuated

ith excitation signals of both low and ultrasonic frequencies simulta-

eously. According to Eq. (4) , the combined resonant and non-resonant

ibration was experimentally verified with a typical case of measured vi-

ration trajectories shown in Fig. 7 . The detailed parameter settings are

isted in the caption. The combined vibration was measured at 20 kHz

nd 2 kHz. As shown in Fig. 7 , in the X direction, the non-resonant vi-

ration signal with an amplitude of 2.5 μm and a frequency of 2 kHz is

dded to the resonant ultrasonic vibration with an amplitude of 2.5 μm.

eanwhile, in the Y direction, the non-resonant vibration signal with an

mplitude of 1.8 μm and a frequency of 2 kHz is added to the resonant

ltrasonic vibration with an amplitude of 1 μm. Due to the combined

esonant and non-resonant vibrations, the ultrasonic frequency vibra-

ion center of each direction is modulated by the non-resonant motion

f 2 kHz. 
. Analysis of cutting mechanism in modulated UEVC 

Understanding of the ductile-to-brittle transition mechanism in mod-

lated UEVC is the fundamental step to the determination of process pa-

ameters in ductile texturing of brittle materials. A theoretical model is

stablished in this section to analyze the instantaneous uncut chip thick-

ess and its maximum value in one vibration cycle in modulated UEVC,

hich plays a critical role in determining the critical cutting depth in

uctile-regime machining [ 28 , 29 ]. The proposed model extends the cur-

ent understanding of UEVC [16] by considering a more general case of

n inclined elliptical vibration trajectory. Although Zhu et al. have an-

lyzed the effects of phase shift of harmonic vibration along the X - and

- directions on the uncut chip thickness [30] , their results didn’t cover

he effects of an inclined elliptical vibration trajectory with fixed major

nd minor axes, due to the distinct definitions of phase shift and the

rientation angle of the elliptical trajectory. As the following section is

oing to show, the ductile-to-brittle transition behavior in UEVC is sig-

ificantly influenced by the orientation angle of the elliptical trajectory.

.1. Calculation of instantaneous uncut chip thickness 

In UEVC, the tool periodically engages and disengages the work-

iece, which results in the variation of instantaneous uncut chip thick-

ess (UCT) in each vibration cycle. The position where the tool starts to

isengage the workpiece separates two conditions for the calculation of

nstantaneous UCT. When the tool position disengaging the workpiece is

ight on the uncut surface, the nominal DOC is termed as the character-

stic DOC m 

. In this study, the calculation of instantaneous UCT considers

wo different levels of DOC that is separated by the DOC m 

. The DOC m 

ill be analytically defined firstly, followed by the instantaneous UCT

erivation for DOC > DOC m 

and DOC < DOC m 

. 

.1.1. Calculation of DOC m 

Fig. 8 illustrates the definition and the calculation procedure for in-

tantaneous UCT during one vibration cycle. The red and blue lines indi-

ate the current and previous vibration trajectories with the arrows in-

icating the motion direction. The elliptical trajectory can be described

n the tool coordinate system by 
 

𝑥 = 𝐴 𝑥 sin 
(
2 𝜋𝑓 1 𝑡 + 𝜙𝑥 

)
+ 𝑣 c 𝑡 

𝑦 = 𝐴 𝑦 sin 
(
2 𝜋𝑓 1 𝑡 + 𝜙𝑦 

) (5) 

here v c is the nominal cutting speed. A x , A y and 𝜙x , 𝜙y are the ampli-

udes and phases of the harmonic vibration along the X - and Y- directions
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Fig. 8. (a) Definition of elliptical trajectory. Illustration of elliptical vibration cutting of brittle materials with oblique elliptical trajectories: (b) DOC > DOC m ; 

(c) DOC < DOC m . 
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espectively, which can be calculated from the parameters of elliptical

rajectory according to the following equations, 

 

 

 

 

 

 

 

 

 

 

 

𝐴 𝑥 = 

√
𝑎 2 cos 2 𝜃 + 𝑏 2 sin 2 𝜃

𝐴 𝑦 = 

√
𝑎 2 sin 2 𝜃 + 𝑏 2 cos 2 𝜃

𝜙𝑥 = 

⎧ ⎪ ⎨ ⎪ ⎩ 
arctan 

(
− 

𝑏 tan 𝜃
𝑎 

)
, 0 ≤ 𝜃 ≤ 𝜋∕2 

arctan 
(
− 

𝑏 tan 𝜃
𝑎 

)
+ 𝜋, 𝜋∕2 < 𝜃 < 𝜋

𝜙𝑦 = arctan 
(

𝑏 

𝑎 tan 𝜃

)
(6)

here a and b are the half-length of major and minor axes of the ellipse;

is the orientation angle of the ellipse as shown in Fig. 8 (a). 

In UEVC, the tool periodically contacts and separates from the work-

iece. As shown in Fig. 8 (b), in the previous cutting cycle, the tool starts

utting at point A 

’ (the original position of tool), passes point B 

’ , then

eaches point E ’ , where the tool begins disengaging the workpiece. For

he remaining time in the previous cutting cycle, the tool keeps disen-

aged from the workpiece. While in the current cutting cycle, the tool

ntersects with the previous cutting cycle at point A , which has the same

osition coordinate of point A 

’ . Then, the tool passes points B and E , and

eaches point F , whose y -coordinate is identical to that of point E ’ . The

ines BB 

’ and EE ’ are parallel to the tool rake face, while EE’ is also

angent to the tool trajectory in the previous cutting cycle. 

The characteristic DOC m 

is defined when the tool-workpiece sepa-

ation point E ’ is right on the workpiece uncut surface. DOC m 

can be

erived by the following equation according to the fact that EE’ is a

angent line of the tool trajectory of the previous cutting cycle, 

 

 

 

 

 

𝑑𝑥 

𝑑𝑦 
||𝑡 𝐸 ′ = 

2 𝜋𝑓 1 𝐴 𝑥 cos 
(
2 𝜋𝑓 𝑡 𝐸 ′ + 𝜙𝑥 

)
+ 𝑣 𝑐 

2 𝜋𝑓 1 𝐴 𝑦 cos 
(
2 𝜋𝑓 𝑡 𝐸 ′ + 𝜙𝑦 

) = − tan 𝛼

DO C m = 𝐴 𝑦 − 𝑦 𝐸 ′

(7)

.1.2. Derivation of UCT 

After obtaining the characteristic DOC m 

through Eq. (7) , the instan-

aneous UCT during one vibration cycle can be calculated for two dif-

erent conditions where the nominal DOC is larger or smaller than the

haracteristic DOC m 

. 

i) When DOC > DOC m 

as shown in Fig. 8 (b) 

For arbitrary t B satisfying t A ≤ t B ≤ t F ,the uncut chip thickness at an

rbitrary point B in the current cutting cycle can be calculated by 

CT 
(
𝑡 𝐵 
)
= 

{ 

𝑦 𝐵 − 𝑦 𝐵 ′ , 𝑡 𝐴 ≤ 𝑡 𝐵 ≤ 𝑡 𝐸 
DOC − 

(
𝐴 𝑦 − 𝑦 𝐵 

)
, 𝑡 𝐸 < 𝑡 𝐵 ≤ 𝑡 𝐹 

(8)

The time instance where the cutting starts can be derived by the

ondition that A and A’ are the intersection points of two cutting cycles

y 

 

 

 

 

 

𝑥 
(
𝑡 𝐴 
)
= 𝑥 

(
𝑡 𝐴 ′

)
2 𝜋𝑓 1 

(
𝑡 𝐴 + 𝑡 𝐴 ′

)
+ 2 𝜙𝑦 = 3 𝜋

2 𝜋𝑓 1 
(
𝑡 𝐴 − 𝑡 𝐴 ′

)
> 𝜋

(9)
According to the conditions that BB 

’ and EE ’ are parallel to the tool

ake face, and E ’ F is parallel to the uncut workpiece surface, t B’ , t E and

 F in Eq. (8) can be derived through the following equations, 

 

 

 

 

 

 

 

𝑥 𝐵 − 𝑥 𝐵 ′

𝑦 𝐵 − 𝑦 𝐵 ′
= − tan 𝛼

𝑥 𝐸 − 𝑥 𝐸 ′

𝑦 𝐸 − 𝑦 𝐸 ′
= − tan 𝛼

𝑡 𝐹 = 𝑡 𝐸 ′ + 1∕ 𝑓 1 

(10) 

i) When DOC < DOC m 

as shown in Fig. 8 (c) 

For arbitrary t B satisfying t A ≤ t B ≤ t D , the instantaneous uncut chip

hickness at an arbitrary point B can be calculated by 

CT 
(
𝑡 𝐵 
)
= 

{ 

𝑦 𝐵 − 𝑦 𝐵 ′ , 𝑡 𝐴 ≤ 𝑡 𝐵 ≤ 𝑡 𝐶 
DOC − 

(
𝐴 𝑦 − 𝑦 𝐵 

)
, 𝑡 𝐶 < 𝑡 𝐵 ≤ 𝑡 𝐷 

(11)

here points C 

’ and D are on the uncut surface in the two cutting cycles

espectively. CC 

’ is parallel to the tool rake face. According to the above

onditions, the time instances at points C 

’ , D and C can be derived from

he following equations, 

 

 

 

 

 

 

 

 

 

𝑡 𝐶 ′ = 

( 

𝜋 − arcsin 
( 

𝐴 𝑦 − DOC 

𝐴 𝑦 

) 

− 𝜙𝑦 

) 

∕ 
(
2 𝜋𝑓 1 

)
𝑡 𝐷 = 𝑡 𝐶 ′ + 

1 
𝑓 1 

𝑥 𝐶 − 𝑥 𝐶 ′

𝑦 𝐶 − 𝑦 𝐶 ′
= − tan 𝛼

(12) 

.2. Effects of the orientation angle of elliptical trajectory on maximum 

ncut chip thickness 

Using Eqs. (8) and (11) along with Eqs. (5) and (6) , the variation of

nstantaneous UCT in one cutting cycle with different nominal DOCs and

rientation angles of the elliptical trajectory can be calculated. The max-

mum UCT in one cutting cycle, which determines the critical condition,

hen can also be derived for various DOCs and orientation angles. 

When the nominal DOC ranges from 0.3 μm to 1 μm, while the vi-

ration trajectory is a circle ( a = b = 1 μm) and the cutting velocity-

requency ratio is 0.1 ( v c / f 1 = 0.1 μm), the characteristic DOC m 

under

uch conditions is calculated to be 0.672 μm according to Eq. (7) . The

orresponding variation of instantaneous UCT under different DOCs can

e obtained based on Eqs. (8) and (11) , with results shown in Fig. 9 . For

 fixed DOC, the instantaneous uncut chip thickness increases first to

 maximum value UCT m 

and then decreases to zero in one cutting cy-

le. For different DOCs, when the DOC exceeds the characteristic DOC m 

,

here is a sudden increase of UCT, which might induce crack-sensitive

mpact force in the cutting of brittle materials. In order to leverage the

dvantage of UEVC, the DOC m 

is the maximum permitted nominal cut-

ing depth which avoids the sudden increase of uncut chip thickness.

ence, a DOC that is smaller than the DOC m 

is preferable in the ductile

EVC of brittle materials. 



J. Wang, W.-H. Liao and P. Guo International Journal of Mechanical Sciences 170 (2020) 105347 

0

0.2

0.4

0.6

0.8

1

0 0.5 1 1.5

/T
C

U
ssenkciht

pihctuc u
U

μm

Relative position of B to A in x direction xB/μm

DOC=0.300μm<DOCm
DOC=0.500μm<DOCm
DOC=0.672μm=DOCm
DOC=0.800μm>DOCm
DOC=1.000μm>DOCm

a=b=1 μm
α=-20
vc/f1=0.1 μm

UCTm for DOC=0.5 μm

Fig. 9. Instantaneous uncut chip thickness of one cutting cycle under different 

DOCs. 

 

n  

i  

D  

u  

r  

o  

a  

a  

i  

a  

c

[  

a  

t  

(  

a

 

a  

o  

t  

t  

v  

o  

t  

s  

t  

o  

o  

f  

U  

o  

s  

t  

t

 

s  

d  

t  

t  

c  

t

4

 

o  

b  

d  

s  

y  

o  

u  

a  

f  

4

 

m  

p  

d  

t

a  

w  

b  

t  

T  

v  

c  

s

DOC m 

indicates a sudden jump of instantaneous uncut chip thick-

ess. A higher DOC m 

allows a larger nominal DOC in UEVC. In order to

nvestigate the influence of orientation angle 𝜃 of elliptical trajectory on

OC m 

, we keep the tool vibration amplitudes a = 3 μm and b = = 1 μm

nchanged, but only change the orientation angle 𝜃 from 0° to 180° The

esults are plotted in Fig. 10 (a). The DOC m 

varies with the increasing

rientation angle 𝜃. The valley and peak values along the DOC m 

curve

re around 45° and 135° of the orientation angles. These two orientation

ngles are also commonly seen in existing studies of UEVC due to the

mperfect balance of the structural design. The influence of orientation

ngle of the elliptical trajectory is often not considered or evaluated for

utting brittle materials in previous studies, where a 45° [ 18 , 31 ] or 0°

 19 , 20 ] was adopted by default. We find in this study, however, that

n orientation angle of around 135° is optimal to obtain a larger DOC m 

,

hus a larger ductile-to-brittle transition depth, as shown in Fig. 10 (a)

seven times larger than that of 45°). The results will be further evalu-

ted in our experimental section. 

The orientation angle of the elliptical trajectory not only significantly

ffects the DOC m 

, but also determines the maximum value of UCT m 

in

ne cutting cycle. The UCT m 

is the critical parameter that determines

he maximal allowable cutting depth for UEVC for ductile-regime cut-

ing, which is usually set smaller than a critical value. We evaluate the

ariation of UCT m 

with increasing DOC from zero to DOC m 

when the

rientation angles 𝜃 are set at 45° and 135° respectively, while keeping

he vibration amplitudes a = 3 μm and b = = 1 μm unchanged. The re-
Fig. 10. (a) Effect of the orientation angle of elliptical trajectory on DOC m ; (
ults are shown in Fig. 10 (b). When the orientation angle is set at 135°,

he UCT m 

is always much smaller than the nominal DOC; while for the

rientation angle of 45°, the UCT m 

grows almost following the trend

f DOC, which will set the cutting to the brittle fracture regime much

aster. The orientation angle of 135° will ensure the best performance of

EVC in terms of increasing the nominal DOC in ductile-regime cutting

f brittle materials. Moreover, the slope in the DOC m 

curve at 135° (as

hown in Fig. 10 (a)) is zero, which will help to provide a stable duc-

ile cutting condition even with a slight angle variation of the elliptical

rajectory. 

The orientation angle of elliptical trajectory might also affect the

ervice life of cutting tool, which is another important performance in-

icator in the ultrasonic surface texturing process. The best elliptical

rajectory with the orientation angle of 135° is expected to be beneficial

o the tool service life due to its superiority in the reduction of uncut

hip thickness. Further evaluation of the role of elliptical trajectory in

he tool tip degradation is worthy of further study in the future. 

. Grooving tests and surface texturing on silicon 

In order to verify our proposed theory and to investigate the effects

f ductile-regime texturing of brittle materials using the proposed com-

ined vibration tool, two sets of experiments were designed and con-

ucted on a customized machining platform (see Appendix A ). The first

et of grooving experiments were designed to verify the theoretical anal-

sis, particularly to identify the effect of elliptical orientation angles

n the critical ductile-to-brittle depth. The second set of experiments

tilized the combined high-frequency and low-frequency vibration to

chieve modulated UEVC of micro-structured silicon with crack-free sur-

aces. The detailed experimental conditions are summarized in Table 1 .

.1. Grooving experiments on single crystal silicon 

In order to verify the theoretical analysis results of the develop UCT

odel, grooving experiments were conducted on a tilted silicon work-

iece with a tilt angle of 2 μm/mm. In the grooving experiments, the

eveloped tool vibrated at 2 kHz to generate inclined elliptical trajec-

ories with orientation angles of 135° and 45° respectively. The 135°

ngle corresponds to the optimal cutting condition based on our model,

hich also coincides with the resonant vibration trajectories generated

y the developed tool. The 45° is the comparison set which corresponds

o the least favorable condition in UEVC (the lowest point in Fig. 10 (a)).

he nominal cutting speed was set to 12 mm/min to match the cutting

elocity-frequency ratio ( v c / f 1 = 0.1 μm). Moreover, the conventional

utting without tool vibration was also conducted at a nominal cutting

peed of 12 mm/min. 
b) variation of maximum uncut chip thickness with an increasing DOC. 
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Table 1 

Experimental conditions. 

Machining conditions 

Silicon properties Crystal plane (100) 

Crystal orientation [110] along cutting direction 

Diamond tool parameters Nose radius 470 μm 

Rake angle − 20°

Clearance angle 10°

Set 1 Cutting parameters Nominal cutting speed 12 mm/min 

Workpiece tilt angle 2 μm/mm 

Vibration parameters Trajectory a = 3 μm, b = 1 μm, 𝜃 = 45° or 135°, 2000 Hz; 

and conventional cutting without tool vibration 

Set 2 Cutting parameters Nominal cutting speed 120 mm/min 

Cross feed 100 μm 

Vibration parameters Resonant vibration 20 kHz, U 1 L ,0- p = U 1 R ,0- p = 1.5 V, 𝛼1 = 180°

Non-resonant vibration 100 Hz, U 2 L ,0- p = U 2 R ,0- p = 7.5 V, 𝛼2 = 90°

Fig. 11. Experimental results on the effects of orientation angle of the elliptical 

trajectory on the ductile cutting depth ( v c / f 1 = 100 nm). 
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Fig. 12. Tool motion trajectory for surface texturing of silicon with combined 

resonant and non-resonant vibrations. 
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The cutting results are compared in Fig. 11 with the optical images

f the grooved silicon. As shown in Fig. 11 , the width w of the grooved

urface increases from right to left due to the increase of DOC. The sur-

ace quality of grooved silicon deteriorates sharply when the cutting

idth w exceeds a critical value, which indicates the transition of ma-

erial removal state from ductile-regime to brittle-regime. According to

he relationship between cutting width w and DOC shown in Fig. A1 (b),

he critical DOCs of ductile-to-brittle transition for the conventional cut-

ing without tool vibration is calculated to be 176 nm, while the critical

OCs for the 45° and 135° cases are 89 nm and 628 nm respectively.

ven though both results were machined by elliptical vibration cutting,

t has been demonstrated here that the orientation angle of the elliptical

rajectory is critical to determine the performance of UEVC in ductile-

egime cutting of brittle materials. As predicted by our model as shown

n Fig. 10 , the orientation angle of 135° outperforms that of 45° by in-

reasing the critical DOC up to seven times. Moreover, the elliptical

ibration cutting with an orientation angle of 45° even reduces critical

OC over conventional cutting without tool vibration. 

.2. Surface texturing on single crystal silicon with modulated UEVC 

We investigated the efficacy of proposed modulated UEVC in tex-

uring micro-structured surface on brittle materials in this section. The

icro-dimples arrays were generated using combined resonant and non-

esonant vibrations (modulated UEVC) as well as just the conventional

iamond cutting. The results were then compared to demonstrate the

rocess capability. 

The combined resonant and non-resonant vibrations were simulta-

eously generated by the developed tool. The ultrasonic elliptical vibra-

ion was excited at the tool resonant frequency of 20 kHz, where the
ibration amplitudes were recorded at 0.6 μm and 0.5 μm in cutting

nd DOC direction respectively. The elliptical trajectory orientation an-

le was 135° corresponding to the optimal cutting condition. The non-

esonant modulated motion was generated at 100 Hz, with vibration

mplitudes of 0.6 μm and 0.4 μm and an orientation angle of 20°. The

ombined tool trajectories were measured as shown in Fig. 12 . The ultra-

onic vibration was used to enhance the ductile-regime cutting of brittle

aterials, while the low-frequency modulation motion was utilized to

hift the vibration center for creating micro-structures (dimples). 

The dimple arrays were generated with and without modulated

EVC. The resonant and non-vibration were kept unchanged, while the

ominal DOC was increased from 100 nm to 1200 nm with a 100 nm

ncrement. For each cutting line, one hundred consecutive dimples were

enerated. The cross-feed was set to 100 μm, and the DOC was set to

ncrease with a rate of 100 nm per cross-feed motion. The experiments

ere repeated by disabling the ultrasonic vibration but only with the

00 Hz modulation motion. The surface morphologies of both samples

ere observed and compared to identify the critical cutting conditions

o achieve ductile-regime texturing of silicon surfaces. 

Fig. 13 demonstrates the dimple arrays machined with modulated

EVC for the nominal DOCs from 300 nm to 500 nm (from the right to

he left). The ratio of nominal cutting velocity over the modulation fre-

uency ( v c / f 2 ) is 20 μm, which determines the dimple interval along the
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Table 2 

Morphology of machined dimples with and without UEVC (width w /μm, depth DOC/nm). 

Fig. 13. Textured surface of micro dimple arrays with modulated UEVC. 
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utting direction. The dimple width also increases with the increment

f DOC due to the tool nose radius. According to the developed model

n Section 3 , the calculated DOC m 

for the elliptical trajectory used in

his experiment is 710 nm, while the maximal UCT m 

is 160 nm. For a

ominal DOC smaller than DOC m 

(710 nm), the UCT will be kept much

maller than the nominal DOC, thus to leverage the advantage of UEVC

or much enhanced critical cutting depth. As shown by the machined

esults in Fig. 13 , crack-free dimple arrays have been successfully fabri-

ated based on our proposed modulated UEVC. 
The surface morphologies of micro dimples generated with and with-

ut modulated UEVC are also compared to verify the much-extended

uctile regime for surface texturing. With the additional ultrasonic vi-

ration, it is difficult to maintain the exact same DOC for cutting with

nd without vibrations. Even if the very accurate vibration amplitude

nd nominal DOC is applied, the material might respond differently. So

he actual measured cutting width w and DOC are obtained from the

urface morphologies. The results are summarized in Table 2 . 

Without the ultrasonic elliptical vibration, severe and obvious cracks

an be observed on the micro dimple surface just when the DOC is above

00 nm. In comparison, when the modulated UEVC is employed, crack-

ree dimple surface has been successfully created up to a nominal DOC

f 700 nm, which also agrees with the predicted DOC m 

of 710 nm by

q. (7) . When the DOC exceeds DOC m 

, the impact cutting force induced

y the sudden increase of instantaneous UCT is prone to induce brittle

racture during machining. What is further observed is that even when

he DOC exceeds DOC m 

, only a slight marring can be observed on mi-

ro dimple surfaces up to the DOC of 1 μm. While for surface textur-

ng without UEVC, severe cracks appear right after the critical cutting

epth. This can be attributed to the fact that the maximal UCT during

 cutting cycle is not at the lowest cutting point (or away from the ma-

hined surface), so only very few induced cracks are propagated to the

achined surface. In practice, however, the DOC m 

is still recommended

o be the applicable maximum DOC to ensure a ductile-regime textur-
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ng during the whole cutting cycle. The above experimental results in

able 2 demonstrate that the ductile cutting depth of micro dimples with

odulated UEVC can be dramatically improved over that without ultra-

onic elliptical vibration. This conclusion also agrees with the predictive

esults of the developed model as shown in Fig. 10 (b). 

. Conclusions 

This study is devoted to adopting ultrasonic elliptical vibration cut-

ing (UEVC) to texture micro-structured surfaces on brittle materials in

he ductile regime. A modulated UEVC process is proposed with a newly

eveloped 2-D vibration cutting tool, which can provide combined res-

nant and non-resonant vibrations in a single structure. The ultrasonic

lliptical vibration at 20 kHz is used to enhance the ductile-to-brittle

ransition depth, while the simultaneously generated non-resonant mod-

lation motion (up to 2 kHz) is used to adjust the tool center to generate

urface structures dynamically. Based on the theoretical analysis and ex-

erimental results, the following conclusions can be drawn. 

(1) The proposed new tool has a compact structure with its first two

esonant frequencies in the ultrasonic range. So, the coupled resonant

ibration is used to generate elliptical vibration trajectory, while the

on-resonant motion can be superimposed utilizing the flat frequency

esponse in the low-frequency range. 

(2) A more general UCT model in elliptical vibration cutting of brittle

aterials is developed by considering the orientation angle of elliptical

rajectory on ductile cutting performance. The developed model sug-

ests that an orientation angle of 135° is the optimal angle to achieve

he largest nominal DOC for ductile regime cutting, which is also ver-

fied by our experimental results. The elliptical vibration cutting with

n orientation angle of 45° even reduces critical DOC over conventional

utting without vibration. 

(3) Micro dimple arrays, with a maximum depth of 700 nm in ductile-

egime and an extended DOC up to 1 μm with minimal surface dam-

ge, have been successfully generated on silicon surfaces with modu-

ated UEVC. In comparison, the damage-less maximal depth of less than

00 nm is achieved without UEVC. Moreover, compared with the vibra-

ion amplitude control method, the modulated UEVC avoids the possible

iolation of ductile cutting condition due to the unchanged amplitudes,

nabling a more robust design of elliptical vibration trajectories. 
Fig. A1. (a) Experiment setup of surface te
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ppendix A. Machining platform description 

The customized machining platform is shown in Fig. A1 (a). It con-

ists of a three-axis nano-positioning stage (ACT130, Aerotech, Pittsburgh,

SA ), and a direct-drive linear actuator (ACT165DL, Aerotech, Pitts-

urgh, USA ). The three-axis nano-positioning stage is used to generate

eed motion of silicon workpiece, while the direct-drive linear actuator

s used to generate the nominal cutting motion. The silicon wafer with a

imension of 10 mm × 10 mm × 0.67 mm is mounted on a two-degree-

f-freedom tilt stage, which is used for level adjustment of the workpiece

ith the help of a capacitive displacement sensor. The developed tool is

ounted on the direct-drive linear actuator. A commercial single crys-

al diamond insert with a nose radius R of 470 μm, a rake angle of − 20°

nd a clearance angle of 10° is mounted on the end effector of the de-

eloped tool. A single-lens reflex camera is used for tool setting. The

achined surface structures were observed and the cutting widths were

easured with a digital microscope (RH-2000, Hirox, Tokyo, Japan ). The

ffect of DOC on the cutting width is calculated and shown in Fig. A1 (b),

hich can be used to obtain the actual DOC from the cutting width w

 [16] ). 
xturing; (b) cutting depth calculation. 
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