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Compliance-based matrix method (CMM) has been regarded as an efficient technique for output compliance
modeling of the flexure hinge-based compliant mechanism, owing to its simplicity and high accuracy. However,
this study demonstrates that CMM is not always valid due to the intrinsic ill-condition of the compliance matrix
of right circular flexure hinge (RCFH). Inversion of compliance matrix can result in numerical instability in the
calculation of its stiffness matrix. It is shown in this study that CMM can be effectively applied to serial compliant
mechanism, while its adoption in modeling parallel compliant mechanism needs to be carefully examined due to

the matrix inversion involved. The validity of CMM is highly dependent on the spatial configuration, degree of
freedom, and singularity of the parallel mechanism. The validity criteria of CMM are discussed in detail with
exemplary configurations of 3RRR, 2RR, and bridge-type compliant mechanisms.

1. Introduction

Flexure-hinge mechanisms are composed of rigid links and flexure
hinges, which are capable of transmitting smooth micro motions
through the elastic deformation of flexure hinges [1]. Due to their
unique and superior motion transmission properties including zero
backlash, zero friction, and low wear, compliant mechanism designs
have emerged as a promising and reliable technique for precision en-
gineering applications, such as vibration cutting tools [2,3], scanning
electron and atomic force microscopy, micro assembly, nanoimprint
lithography [4], biological cell micro-injection [5,6], etc.

Modeling the deformation of compliant mechanism, including ki-
nematic, static, and dynamic behaviors, is vital for its structure analysis
and dimension synthesis during the design stage. Output compliance
(inverse of stiffness), which characterizes the relationship between the
applied loads on the output platform and its deformation, is one of the
most important performance index that needs to be accurately modeled.
For example, the output compliance of a vibration cutting tool com-
posed of compliant mechanism is critical for determining its cutting
performance and stability.

Analytical modeling and finite element method (FEM) are the two
most commonly used techniques in output compliance modeling. Due
to its high accuracy and flexibility, FEM is usually regarded as a reliable
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method to model complex structure dynamics. It, however, cannot es-
tablish the analytical relationship between the output compliance and
the dimensions and spatial configurations of compliant mechanism [7].
Consequently, FEM is appropriate as a tool to verify the performance of
compliant mechanism once the specific dimension and spatial config-
uration have already been determined [7]. More often, FEM is utilized
for the comparison among different analytical modeling methods rather
than for the dimension synthesis of compliant mechanism. Analytical
modeling approaches, on the other hand, are preferred for the dimen-
sion synthesis of compliant mechanism. Among various analytical
modeling methods including the pseudo-rigid-body method [8] and
Castigliano's theorem [9], compliance-based matrix method (CMM) can
be regarded as a reduced FEM [5]. Compared to the pseudo-rigid-body
method, the matrix method is capable of complete compliance analysis
since it considers the flexure compliances in all working degrees of
freedom [10].

Due to its simplicity and capability of modeling complex structures,
CMM has been widely utilized in modeling of various compliant me-
chanisms. Pham and Chen developed a general modeling approach
based on CMM for compliance modeling of flexure mechanisms, and
successfully applied the model to a double linear spring and a three
degree-of-freedom (DOF) translational parallel mechanisms with FEM
and experiment verification [7]. Choi and Lee derived a static model
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Nomenclature’

CMM compliance-based matrix method
RCFH right circular flexure hinge

R radius of RCFH

t neck thickness of RCFH

b thickness of RCFH

Aa rotational motion about the z-axis
Ay translational motion in the y-axis
Ax translational motion in the x-axis
M, rotational motions about the z-axis
Fy force in the y-axis

F, force in the x-axis

Creru compliance matrix of RCFH

Krcru stiffness matrix of RCFH

Cii compliance factor in ith row and jth column of Crcry

K;; stiffness factor in ith row and jth column of Kgrcry

Cserial compliance matrix of serial compliant mechanism

Cparallet  compliance matrix of parallel compliant mechanism

Chame,j  the element at the ith row and jth column of C,ame; ‘name’
can be substituted by the particular compliant mechanism
name, such as serial, parallel, bridge, 3RRR, 2RR, etc.

! transformation matrix from frame x;0;y; to reference frame
xOy which is attached to the output platform

T} transformation matrix from frame x;0;y; to reference frame
xi0y;

E elastic modulus of RCFH material

v Poisson's ratio of RCFH material

using CMM for a flexure-based mechanism driven by piezo actuators
[11]. Lobontiu utilized the matrix method to model the direct and in-
verse quasi-static response of constrained/over-constrained planar
mechanisms, the results of which were verified by FEM [12]. Jia et al.
developed a 3-DOF positioning stage for nanoimprint lithography, and
modeled the stiffness of compliant mechanism using CMM [4]. Yong
and Lu employed the matrix method to conduct kinetostatic modeling
of a 3-RRR compliant micro-motion stage composed of flexure hinges
[6]. Zhu et al. developed a 2-D vibration cutting tool using flexure
mechanism, and adopted CMM to construct the tool-tip compliance
matrix [2]. They also presented an optimized design of a piezo-actuated
multi-axial compliant structure for micro-/nano-cutting with the help of
CMM [13,14].

The modeling accuracy of the overall output compliance of parallel
mechanism using CMM strongly depends on the modeling accuracy of
individual right circular flexure hinge (RCFH) [15]. Various methods
including inverse conformal mapping [16], Castigliano's second the-
orem [17], and the integration of linear differential equations of beams
[18], have been used to estimate the compliance matrix of flexure
hinges. Yong et al. [15] compared the calculated compliance from
various analytical models for circular flexure hinges with the FEM re-
sults, including the equations developed by Paros and Weisbord [18],
Lobontiu [19], Wu and Zhou [20], Tseytlin [16], Smith et al. [21] and
Schotborgh et al. [22]. According to their results, the accuracy of these
compliance equations is inconsistent at different radius R to neck
thickness t ratios (see Fig. 1 for hinge geometries). In certain circum-
stances, the calculation errors would even be as high as 40%. They also
assessed the estimation accuracy of compliance matrix of RCFH on the
output compliance of a particular 3RRR mechanism [6]. However, the
assessment in their research was performed just for a particular instance
without considering the influence of different spatial configurations.
The spatial configuration of compliant mechanism determines the
motion and force transmission between input and output pairs, which
has a decisive impact on the modeling accuracy and validity of the
matrix method. The relationship between the spatial configuration and
modeling accuracy has not been well investigated in previous research.
As this study is to show, the matrix method is indeed not always valid in
many cases.

This study presents the validity assessment of CMM in the output
compliance modeling of flexure-hinge mechanism, particularly in an
attempt to answer the question that how the spatial configuration af-
fects the validity of the matrix method. Firstly, the intrinsic ill-condition
of compliance matrix expressed in its local coordinate frame of RCFH is
discovered. The effect of compliance accuracy on the calculation error
of stiffness factors for RCFH by matrix inversion is derived. Then the
effect of matrix ill-condition on the modeling accuracy of output

1 Note: Vectors and matrices are shown in bold face
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compliance for both serial and parallel compliant mechanisms is ana-
lyzed. The 3RRR, 2RR and bridge-type compliant mechanisms are taken
as calculation examples to evaluate the validity of CMM. A general
criterion is proposed to determine whether the matrix method is valid
for output compliance modeling of flexure mechanism, with con-
sideration of the mechanism type (serial or parallel), spatial config-
uration, degree of freedom, and mechanism singularity.

2. Theoretical analysis on validity of CMM
2.1. Intrinsic ill-condition of compliance matrix of RCFH
As shown in Fig. 1(c), the compliance matrix Crcpy of @ RCFH in its

local coordinate system represents the compliance of free end O; with
respect to the other fixed end. It can be expressed as a 3 X 3 matrix as:

& 0 0
Cih 0 0 Fx o A
y 4y
Crern=| 0 Cp Cy|=|0 F Mo
0 G G 0 4z 4«
oM 'e))

The compliance factors Cj (i,j = 1,2,3) in the matrix can be derived
as a function of geometric parameters and material properties of RCFH
[15], namely C;; = f,-j (R, t, b, E, v). Due to the coupled deformations of a
RCFH, the compliance factors C; are not all mutually independent.
Actually, Cy3 and Csy depend on Css, namely Cy; = Cs, = C33R [15].
Among the five compliance factors, only C1; = Ax/F, Co2 = Ay/F,, and
Cs3 = Aa/M, are independent variables that can be calculated following
the derivations shown in Appendix A.

Theoretically, the stiffness matrix Krcpy of RCFH can be derived by
inversing the compliance matrix Crcry:

Ki; O 0
Krern = Crémn = | 0 K Ko
0 K3y Ki; (2)

where Kj; (ij = 1,2,3) are the stiffness factors of Krcry, which can be
calculated according to the equations derived in Appendix A.

However, based on the matrix theory, matrix inversion should be
carefully carried out due to its potential instability [23]. If a matrix is
ill-conditioned, a tiny variation of its element would induce huge var-
iations in its inverse. The matrix inversion can result in unacceptable
calculation errors leading to the large deviation of stiffness matrix es-
timation in actual engineering application. In Eq. (1), the compliance
factors of RCFH obtained by analytical calculation or FEM are not al-
ways accurate with respect to their true values [15]. In some circum-
stances, the calculation errors of these equations of RCFH compliances
would be as high as 40% [15]. Hence, the inverse operation of Crcry as
illustrated in Eq. (2) should always be carefully carried out as demon-
strated in the following examples.
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Limb

Fig. 1. Flexure hinge-based compliant mechanism of (a) serial and (b) parallel types; and (c) coordinate system of a right circular flexure hinge (RCFH).
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Fig. 2. Effect of compliance variation of RCFH on the stiffness variation of RCFH obtained by matrix inversion.

Fig. 2 shows the effects of compliance variation of RCFH on the
stiffness variation of RCFH obtained by matrix inversion, where
E=210GPa,v = 0.3,R = 1 mm, t = 0.5mm, and b = 5mm. As shown
in Fig. 2(a), the variation of K;; is linearly related to the variation of
Ax/F,. That is to say if the variation of Ax/F, is tiny, the variation of Ky,
is also small. The variation of Ay/F, and Aa/M,, on the other hand, can
induce extremely large variations of K»,, K>3 and K33. When the relative
variation of Ay/F, reaches only 1%, the relative variation of K5, Ka3
and K33 can exceed 80%. When the relative variation of Aa/M, is only
0.3%, the relative variation of K5, K>3 and K33 can even reach up to
3500%. These results indicate that the compliance matrix Crcpy Of
RCFH is extremely ill-conditioned. Crcry is usually ill-conditioned due
to the specific structure of RCFH. The rotational compliance of RCFH is
much larger than the compliances in other directions, making the dif-
ferent elements of Crcpy vary in magnitudes. A tiny calculation error of
Ay/F, and Aa/M, with respect to their true values would induce un-
acceptably large calculation error of stiffness factors. Fig. 2 also in-
dicates that the ill-condition of RCFH compliance matrix is highly re-
lated to the tangential translational compliance (4y/F,) and rotational
compliance (Aa/M,).

Though the analysis above is based on the compliance equations of
RCFH, which is a particular type of notch flexures [24,25], the con-
clusions are also applicable to most types of flexure designs. For ex-
ample, the compliance factors of general notch flexures are usually not
well balanced due their specific design for enhancing the rotational
degree of freedom. The rotational compliance of notch flexures is much
larger than the compliances in other directions, making the matrices ill-
conditioned as well. Moreover, the compliance matrix of leaf spring
flexure hinge, which has straight beams of uniform cross-sections, is
also ill-conditioned based on the same principle above. It is also worthy
to note that the inversion problem cannot be easily overcome by using
the stiffness matrix. The stiffness matrix is usually obtained from the

inversion of compliance matrix since it is more difficult to derive the
stiffness matrix elements by their direct definition. In addition, if the
compliance matrix is ill conditioned, the stiffness matrix will be also ill
conditioned, because they share the same condition number with each
other [23].

2.2. Validity evaluation method of CMM for the output compliance
modeling of flexure mechanism

For compliant mechanism composed of serially and parallelly con-
nected RCFHs, the calculation error of compliance matrix of RCFHs is
accumulated and added to the final modeling error of the overall output
compliance. The validity of CMM is established based on the in-
sensitivity of the output compliance variation on the variation of
compliance factors of individual RCFHs.

As shown in Fig. 1, the compliant mechanism can be classified into
two categories, namely the serial and the parallel compliant mechan-
isms. The output compliances of these two types can be expressed by:

Cserial = Z T?CRCFH(T?)T
_1\-1
Cparallel = Zi (T?(ZJ Tl]CRCFH(le)T)(T?)T]
3

where Cgeriat and Cparanel represent the output compliance matrices of
serial and parallel flexure mechanisms respectively. Detailed derivation
of Eq. (3) and expressions of transformation matrices can be found in
Appendix B.

According to Eq. (3), the compliance factor Cyeia,ij Of Cerial can be
derived as:

Ceerial,j = Aijl-lcu + /Iyz-zczz + 153C33 (@)
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where Ceiql,j is the compliance factor at the ith row and jth column of
the matrix Cgerial; Ai}l, /lijz-z, and 153 are the corresponding coefficients of
RCFH compliances. As illustrated by Eq. (4), the output compliances of
serial flexure mechanism are the linear superposition of RCFH com-
pliance factors without introducing any matrix inversion operation. The
calculation errors thus are bounded given that the RCFH compliances
are calculated with acceptable accuracy.

However, as illustrated in Eq. (3), the inversion of compliance
matrix is always required to calculate the output compliance matrix
Cparalel Of parallel flexure mechanism. Because of its indispensable
matrix inverse operation, the calculation error of output compliance of
parallel flexure mechanism might be extremely large due to the ill-
condition of individual compliance matrix as demonstrated in section
2.1. In order to evaluate the validity of the matrix method in the output
compliance modeling of parallel flexure mechanism, the effects of the
variation of individual RCFH compliance factors on the accuracy of
final output compliance are assessed based on the following equation:

Bcpa.rallel,ij
A Cparallel,ij =\

Cparallel, ij

(5)

where ACp,raner,; donates the relative variation of calculated output
compliance due to the compliance variation of RCFH induced by
modeling error. The variation of output compliance 6Cpqranel,j is calcu-
lated based on the following rules. When the effect of one compliance
factor C; (such as Ci;) is to be evaluated, the variation is set to 5%,
while keeping the other two compliance factors (such as C,,, C33) un-
changed.

Based on the above analysis of Eq. (3), the matrix method is always
valid in the output compliance modeling for serial flexure mechanism.
Therefore, this study focuses on the validity evaluation of CMM for
parallel flexure mechanism. The evaluation results for typical parallel
mechanisms including 3RRR, 2RR and bridge-type are demonstrated in
section 3.

2.3. Validity condition of CMM for output compliance modeling of parallel
flexure mechanism

The potential invalidity of CMM results from the ill-condition of
compliance matrix of RCFH and the matrix inversion operations during
calculation. The compliance matrix of RCFH is usually ill-conditioned;

(d)
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however, the matrix method has still been successfully utilized for
analysis of many kinds of parallel flexure mechanisms as illustrated in
the introduction. The accuracy of overall output compliance is not only
influenced by the inversion error due to the matrix ill-condition, but
also related to the spatial configuration of parallel mechanism. It turns
out that the inversion error can be bounded if certain configuration
conditions are met even with the ill-conditioned compliance matrices of
individual RCFHs.

The ill-condition of compliance matrix is highly related to the re-
lative magnitudes between the translational compliance and rotational
compliance (as illustrated by Eq. (A. 4) in Appendix A). Only if the
radial translational compliance Ax/F, or the rotational compliance Aa/
M, of RCFH is dominant in the output compliance of parallel flexure
mechanism, the CMM is valid. We further examine this hypothesis by
simplifying the RCFH as a revolute pair with only the rotational DOF.
The overall DOF of any parallel flexure mechanism then can be de-
termined according to the DOF analysis theory of parallel mechanism
[26]. When the spatial configuration of parallel mechanism is singular,
rotational compliance of RCFH may lose its dominance. At this time, the
dominance of radial translational compliance of RCFH should also be
checked to determine the validity of the matrix method. If none of the
radial translational or rotational compliance is dominant, the CMM will
be invalid for output compliance modeling.

Although the above validity criteria of CMM cannot be described by
a set of mathematical equations, they provide a general evaluation
method to determine the validity of CMM for parallel flexure-hinge
mechanism with various spatial configurations. Detailed examples are
given below based on 3RR, 2RR, and bridge-type mechanisms to de-
monstrate the validity of the proposed criteria.

3. Case study of CMM validity

Fig. 3 shows the specific spatial configurations of typical 3RRR, 2RR
and bridge-type mechanisms, where Dy, D, and D, represent the rota-
tional and translational DOFs along the corresponding axes. The DOF
analysis for the above parallel mechanisms will be conducted for va-
lidity evaluation of CMM.

3.1. 3RRR compliant mechanism

The spatial configuration of 3RRR compliant mechanism is

Fig. 3. DOF analysis of 3RRR, 2RR and
bridge-type mechanisms: 3RRR with (a)
0 < |6] < /2 and 0 < |02 < m/2, (b)
0 < |6,] < 7/2 and 6, =0, (c) 6, = 6,
= 0, and (d) 6; = n/2 and 0, = 0; 2RR with
(e) 6=0 and (f) 6 = 0; and (g) bridge-type
mechanism.
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illustrated in Fig. 4, where 6; and 6, are the relative rotation angles of
adjacent arms. It consists of three RRR chains connected together in
parallel, while each chain is composed of three RCFHs. Due to the
central symmetry of 3RRR compliant mechanism, it has the char-
acteristic of compliance decoupling. Based on compliance-based matrix
modeling, the output compliance matrix Csggr 0f 3RRR compliant
mechanism can be derived as:

CsrrRtran O 0
0

0

C3rRR.tran O
0

Cirrr =
C3RRR rota 6)
where C3ggg tran aNd C3rrr rota denote the translational compliance and
rotational compliance of 3RRR compliant mechanism respectively.
Detailed derivation of Eq. (6) is illustrated in Appendix C.1. Fig. 4(c)
shows the FEM model for calculating the output compliance of 3RRR
compliant mechanism. The FEM results are taken as the reference va-
lues when evaluating the accuracy of CMM results in different cases.

Fig. 5 shows the contour plots of output compliance variation of
3RRR compliant mechanism due to the compliance variance of Ax/F,
and Aa/M, under different spatial configurations (6; and 6,). The
variations of Ax/F, and Aa/M, are assumed to be both 5%. As shown in
Fig. 5(a) and (b), the output compliance variations are always smaller
than 5% regardless the spatial configuration of the system. On the other
hand, the variation of Aa/M, triggers the numerical instability when
calculating the output rotational compliance Csrgryrota- AS demon-
strated in Fig. 5(c) and (d), the relative variation of calculated rota-
tional compliance Csggr rota reaches 800% when the spatial angles 6,
and 6, equal to w/4 and O respectively. It indicates that CMM is only
valid for modeling 3RRR under certain spatial configurations. This
validity dependency is further discussed as follows.

(1) Fig. 3(a) shows a general spatial configuration of 3RRR mechanism
where 6, = 0 and 0 < |6,| < m/2. This spatial configuration has
three DOFs and is away from the singular point. Under such con-
dition, the rotational compliance of RCFH is dominant in the output
compliances of 3RRR mechanism. The CMM can be well utilized in
the output compliance modeling of 3RRR compliant mechanism. In
order to verify the dominance of rotational compliance, the calcu-
lation accuracy of the matrix method is evaluated and compared
with FEM results including two cases. The first case includes all the
translational and rotational compliances of 3RRR mechanism. The
second case contains only the rotational compliance, considering
the dominance of its influence. The specific calculation conditions
of these two cases are listed in Table 1. The calculation results are
demonstrated in Table 2.

As the verification results shown in Table 2, for the general 3RRR
compliant mechanism away from the singular configuration, the

(@)

RRR

RRR

RRR
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calculation accuracy of CMM is acceptable, even if the individual
compliance matrix of RCFH is ill-conditioned. Furthermore, when the
compliance factors including Ax/F, or Ay/F, is neglected in Case 2, the
calculation results of the matrix method do not vary significantly
compared with the results shown in Case 1. This result verifies the
dominance of rotational compliance of RCFH in the output compliance
of 3RRR compliant mechanism for the general spatial configuration
shown in Fig. 3(a).

(2) Fig. 3(b) shows a specific spatial configuration of 3RRR mechanism
where 6, = 0 and 0 < |6;| < m/2. This spatial configuration has
zero DOF and is singular. Neither the rotational or radial transla-
tional compliance of RCFH is dominant in the output compliances
of 3RRR mechanism. The CMM is not suitable to be utilized in its
output compliance modeling of 3RRR mechanism for the spatial
configuration in Fig. 3(b). As shown in Fig. 5(c) and (d), in this
configuration, the relative variations resulting from the tiny varia-
tion of RCFH compliance are extremely large, which indicates the
invalidity of the matrix method.

Fig. 3(c) shows a specific spatial configuration of 3RRR mechanism
where 6; = 0, = 0. This spatial configuration is also singular.
However, since the extended lines of three limbs intersect at the
same point, it has one rotational DOF. The rotational compliance of
RCFH is dominant in the output rotational compliance of 3RRR
mechanism, while the radial translational compliance of RCFH is
dominant in the output translational compliance of 3RRR me-
chanism. As shown in Fig. 5, consistent with the above analysis,
when the rotational compliance or the radial translational com-
pliance is dominant, the matrix method can be utilized in the output
modeling of the 3RRR spatial configuration of Fig. 3(c) with ac-
ceptable accuracy.

Fig. 3(d) shows a special spatial configuration of 3RRR mechanism
where 6, = 0 and 0, = n/2. This spatial configuration has zero
DOF and is singular. However, the radial translational compliance
of RCFH is dominant in the output compliances of 3RRR compliant
mechanism as shown in Fig. 5. The CMM can also be well utilized in
for the case in Fig. 3(d).

3

—

4

—

3.2. 2RR compliant mechanism

The spatial configuration of parallel 2RR mechanisms is illustrated
in Fig. 6. It consists of two RR chains connected together in parallel.
Each chain is composed of two RCFHs. Based on CMM, the output
compliance matrix Corr of 2RR mechanism can be derived as:

Crr11 0 Corr,13
Corg = | 0 Corr,22 0
Corra1 0 Corr 33 )

Fig. 4. (a) Schematic of 3RRR compliant mechanism; (b) coordinate and dimension definition of one limb of 3RRR compliant mechanism; (¢) FEM model.
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Fig. 5. Effects of compliance variation of RCFH on the output compliance variation of 3RRR compliant mechanism. The geometry parameters and material properties
are set as follows: E = 210GPa, v =0.3,3=0,L; = Ly = Ly = 3mm, L, = 2mm, R = 1 mm, t = 0.5mm, and b = 5mm (see Fig. 4 for 3RRR geometries).

Table 1

Calculation case (m/N, rad/N, rad/Nm) of 3RRR compliant mechanism when t = 0.5mm, R = 1mm, b = 5mm, 8 = 30°, L; = L, = L3 = 20 mm, L, = 2mm.

Chosen flexure hinge equation

Flexure hinge compliance

Case

Ax/Fy Ay/F, Aa/M, Ax/Fy Ay/F, Aa/M,
Case 1 Wu [20] Wu [20] Sch [22] 2.47 x 107° 8.52 x 1078 8.49 x 1072
Case 2 0 0 Sch [22] 0 0 8.49 x 1072

where Corg; denotes the ith row and jth column element of the com-
pliance matrix of 2RR mechanism. Detailed derivation of Eq. (7) is il-
lustrated in Appendix C.2.

Fig. 7 shows the output compliance variation of 2RR mechanism
resulting from the variation (5%) of Ax/F, and Aa/M, when 0 and L are
varying. Fig. 7(a) and (b) are the surface plots of the effect of variation
of translational compliance Ax/F, on the modeling accuracy of output
compliance factors. The output compliance variations are bounded in
the assessment range of different spatial configurations. While as shown
in Fig. 7(c), the contour plot of compliance variance, the variation of

Table 2
Calculation results (m/N, rad/N, rad/Nm) of 3RRR compliant mechanism.

Aa/M, induces large numerical error in Cagrg 11, Which exceeds 70%
when L = 4mm and 6 > 0.4. The validity of the matrix method for
modeling 2RR compliant mechanism also depends on its spatial con-
figuration, which is discussed as follows.

(1) Fig. 3(e) shows a general spatial configuration of 2RR mechanism
where 6=0, which has only one rotational DOF. The rotational
compliance of RCFH is dominant in the output rotational com-
pliance of 2RR mechanism. On the other hand, neither the rota-
tional or radial translational compliance of RCFH is dominant in the

6, = 45°, 6, = 60°

6, = 45°, 6, = 30°

6, = 60°, 6, = 60°

Methods
Clran Crota Clran Crota Cuan Crota
FEM 3.57 x 107 3.13x1072 1.04 x 107° 1.31 x 1073 3.58 x 107° 3.07 x 1072
Case 1 3.75 x 107° 3.46 x 10732 1.10 x 107° 1.41 x 1072 3.64 x 107 3.40 x 1072
Difference to FEM 5.0% 10.5% 5.7% 7.6% 1.7% 10.7%
Case 2 3.71 x 107¢ 3.43 x 1073 1.08 x 107° 1.39 x 1073 3.57 x 107 3.33x 1073
Difference to FEM 3.9% 9.6% 3.8% 6.1% —0.3% 8.5%

490



J. Wang, et al.

(2

Precision Engineering 56 (2019) 485-495

Fig. 6. Schematic and geometric configuration
of 2RR compliant mechanism.
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output translational compliance of 2RR mechanism. Hence the
matrix method is only valid for calculating the output rotational
compliance Cyggr 33, but invalid for the translational compliance
Corr,11 When L/6 is small.

Fig. 3(f) shows a specific spatial configuration of 2RR mechanism
where 6 = 0, which is a singular configuration. But since the ex-
tended lines of two limbs are collinear, this spatial configuration
has two DOFs including a rotational DOF (Dy,) and a translational
DOF (D,). The rotational compliance of RCFH is dominant in the
output compliances Cagg 22 and Cagg 33 0f 2RR mechanism. More-
over, the radial translational compliance of RCFH is dominant in
the output compliance of Corr11 Of 2RR mechanism. Hence as
shown in Fig. 7, when 6 = 0°, the relative variations of output
compliance induced by the variation of Ax/F, or Aa/M, are always
small. It indicates that the matrix method is suitable in the output
compliance modeling of 2RR compliant mechanism when 6 = 0. As
to be noted, many researchers have successfully used CMM to
model various 2RR mechanisms with 6 = 0 [10,13,14].

20
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;;177777 77
3.3. Bridge-type compliant mechanism
The spatial configuration of bridge-type mechanism is illustrated in

Fig. 8. It consists of eight RCFHs. Based on CMM, the output compliance
matrix Cprigge Of bridge-type mechanism can be derived as:

Coridge,11 0 Coridge,13
Corigge = | 0 Coridge,2 0
Cbridge,31 0 Cbriclge,33 (8)

where Cpriggej denotes the ith row and jth column element of the
compliance matrix of bridge-type mechanism respectively. Detailed
derivation of Eq. (8) is illustrated in Appendix C.3.

Fig. 9 shows the surface plots of the output compliance variation of
bridge-type mechanism induced by the variation of Ax/F, and Aa/M,
for different L and 6. The relative variations of output compliance of
bridge-type mechanism are always bounded by 5% regardless the spa-
tial configuration of the system. This is consistent with the predicted

\
|

-

(d) Effect of Aa/M, variation on AC2rRr33

Fig. 7. Effects of compliance variation of RCFH on the output compliance variation of 2RR compliant mechanism.
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Fig. 8. Geometries of bridge-type compliant mechanism.

(¢) Effect of Aa/M; variation on ACpyigge,11

(d) Effect of Aa/M, variation on ACpriage33

Fig. 9. Effects of compliance variation of RCFH on the output compliance variation of bridge-type mechanism.

results of DOF analysis. As shown in Fig. 3(g), the output platform of
bridge-type mechanism has complete three DOFs even when 6 = 0 or
7t/2. The rotational compliance of RCFH is dominant in all the output
compliances of bridge-type mechanism. Hence the matrix method is
always valid for the output compliance modeling of bridge-type me-
chanism.

4. Conclusions

This study focuses on the validity evaluation of compliance-based
matrix method (CMM) in the output compliance modeling of flexure-
hinge mechanism. Planar 3RRR, 2RR and bridge-type mechanisms
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composed of right circular flexure-hinges (RCFHs) are selected for case
studies. Based on the analyses above, the following conclusions can be
drawn:

(1) The compliance matrix of RCFH expressed in its local frame is
usually ill-conditioned due to the domination of rotational com-
pliance factor. Inverse operation of the compliance matrix may
result in numerical instability when calculating the stiffness matrix
of RCFH.

(2) The validity of CMM is highly related to the mechanism type (serial or
parallel), spatial configuration and singularity of the structure. For se-
rial compliant mechanism, the calculation of output compliance does



J.

3

Wang, et al.

not involve matrix inversion. The CMM can be effectively applied in
calculating its output compliance with acceptable accuracy due to the
linear superposition of RCFH compliances.

For parallel compliant mechanism, the CMM is not always suitable
for output compliance modeling due to the inevitable matrix in-

—
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(4) The singularity of the spatial configuration does not always result in

the invalidity of CMM. Even under a singular configuration, the
CMM can still be valid if the translational or rotational compliance
of RCFH is dominant in the overall output compliances of the
parallel compliant mechanism.

version. A general criterion for the CMM validity is proposed as
follows: if the radial translational compliance or the rotational
compliance of RCFH is dominant in the output compliance of par-
allel mechanism, the matrix method is valid. By assuming that the
RCFHs only have the rotational DOF, the DOF analysis is applied to
help clarify the dominance of rotational compliance of RCFH under
different spatial configurations. The predicted results of this cri-
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Appendix A. Compliance and stiffness equations of RCFH

The radial translational compliance of RCFH can be calculated by Ref. [20]:

ij = Elb[Z(ZS + D arctan(v/4s + 1) — —]

Vs + 1 (A.1)
where s = R/t. The tangential translational compliance of RCFH can be calculated by Ref. [20]:
dy _ 12 s@as*+2453 42252+ 85+1) | (25+1)(4st+ 853 — 1452 — 85— 1) L3
Fy ~ Eb ( 2025+ 1)(ds + 1)? 245 + 1572 arctan(v4s + 1) + 8)
1 2(2s+1)
+ Gb[ o arctan(+/4s + 1) — —] (A.2)
The rotational compliance of RCFH can be calculated by Ref. [22]:
-1
A E 2 [
=2 - i 00089+13556\/— — 0.5227 t
M, | 12 V2R (A.3)
The stiffness factors of RCFH can be calculated by:
K= o
_ 1
Ko = C22— R%C33
_ _ R
Koy =Ky = Ca2— R2C33
_ Ca
Ky = oon-recn ®ch, (A.4)

Appendix B. General model of output compliance

As shown in Fig. 1, a local frame x;0;y; is attached to the RCFH. The compliance matrix Crcry donates the relationship between loading

F = [F, F,, M,]" and deformation § = [4x, Ay, Aa]’.
6 = CRCFHF (B.].)

The serial compliant mechanism comprises several flexure hinges as shown in Fig. 1(a). The reference coordinate xQy is attached to the output
platform. The compliance Crcpy can be transformed to the frame xOy by

C) = T?Crepu(TY)” (B.2)
where the transformation matrix T; takes the following form:

cosa sina rn,
T, =T(a 1) =T (. 1)) = | —sina cosa — r,

0 0 1 (B.3)

where a is the rotation angle of coordinate x;0;y; with respect to xOy, r = (ry, 1;,)7 is the position vector of point O; expressed in the reference frame O.
The compliance matrix Cgeia Of serial mechanism is the summation of the compliances of individual RCFHs. It can be derived as:

Cserial = Z C?

The parallel compliant mechanism comprises several parallel limbs as shown in Fig. 1(b). The reference coordinate xOy of parallel compliant
mechanism is also attached to its output platform or the end effector. The compliance matrix Cjnp; of limb i can be calculated through the method
illustrated in Eq. (B.4). It can be transformed to the frame xOy:

(B.4)
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Clmbi = T Cliamp (T

(B.5)

The compliance matrix Cparaner of parallel mechanism is the summation of the stiffness matrices (inverse of compliance) of all the limbs. It can be

expressed as:

—1\—1
cparallel = (Z (c?imb,i) 1)

Appendix C. Output compliance derivation of typical compliant mechanisms
C.1. Output compliance matrix of 3RRR mechanism

In Fig. 4, the position vectors of point O; expressed in the reference frame O are
1 3rer = (L1-cos(—), Ly-sin(—f))T
Barrr = 1 + (2R + Ly)-cos(—=(B + 61)), 2R + Ly)-sin(—(B + 61))"
rsrrr = 1 + (2R + Ly + Ly)-cos(—=(B + 61)), 2R + Ly + Ly)-sin(—(8 + 6))T
I33rrR = I aree + (Lacos(—(B + 6, + 63)), Ly-sin(—(8 + 6; + 6,)))T
The compliance matrices of hinge 1, hinge 2 and hinge 3 of 3RRR mechanism expressed in reference the frame O are
C?,3RRR =T(r = — 61, 1)-Crerr T(m — § — 61, 1)T
Coarer = T(T — B — 61, 1)-Crern T(w — § — 61, 1)"
C(3),3RRR =T(m — - 6, — 63, 13)-Crerr T(m — B — 6, — 65, 1)T
The compliance matrix of limb 1 of 3RRR mechanism can be derived as:
Climb, 13888 = C13rrr + C93rrr + C33rRR
Due to the symmetry of 3RRR mechanism, the compliance matrices of limb 2 and limb 3 can be calculated as:

2 27T T
Climb,23RRR = T(?, 0)'Cgmb,1,3RRR'T(?, 0)

21 2 T
C?imb,.’»,.’»RRR = T(—?’ 0)‘C?imb,l,3RRR‘T(_?’ 0)
Then the output compliance matrix of 3RRR can be derived as:

0 —1 0 —1 0 —1\—-1
C3RRR = ((Climb,l,SRRR) + (Climb,2,3RRR) + (Climb,3,3RRR) )

C.2. Output compliance matrix of 2RR mechanism

In, the position vectors of point O; expressed in the reference frame O are
riorr = —(0.5L + 2R + L cos 6, R + 0.5t + L sin 6)T
ke = —(0.5L, R + 0.5t)T

The compliance matrices of hinge 1, hinge 2 of 2RR mechanism expressed in the reference frame O are
C?2rr = T(0, 11 2rR)-Crern T(O, 11 2rr)"
CY2rr = T(0, £22rR)-Crerm T(0, 1o 2r)"

The compliance matrix of left limb of 2RR mechanism can be derived as:
Climbtefi2rr = Clorr + Coorr

Due to the symmetry of 2RR mechanism, the compliance of right limb can be calculated as:
Cﬁmb,rigm,ZRR = TyC?imb,left,ZRRT;
where T, is the transformation matrix, it can be expressed as

[— 100 }
T,=[0 10
0 0 -1
Then the output compliance matrix of 2RR mechanism can be derived as:

0 _ 0 —1 0 —1\—1
Chridge,2kR = ((Climbjet2RR) + (Climb,right 2rr) )
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(C.13)

(C14)
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(C17)

(C.18)

(C.19)
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C.3.

Output compliance matrix of bridge-type mechanism

T bridge = —(0.5L + 2R, R + 0.5t + 2L sin 6 + L)T

Dybridgge = —(0.5L + 4R + L cos 6, R + 0.5t + L sin 6 + L)T
I3 pridgge = —(0.5L + 2R + L cos 6, R + 0.5t + L sin 6)T
T4 bridge = —(0.5L, R + 0.5t)"

C? bhrigge = T, 1)-Crepn T, 1)"

0 _ T
C3 vridge = T (70, Tapridge) Crern T (T, T bridge)

0 — T
C3,bridge - T(O, r3,bridge)‘CRCFH‘T(0’ 1'3,bridge)

Cg,bridge = T(O: 1'At,bl'idge)'CRCFH'T(Oa r4,bridge)T

0 _ 0 0 0 0
Cilimb,left,bridge = C1.bridge T C2,bridge + C3,pridge + Capridge

0 _ 0 T
Climb,right, bridge — Tyclimb Jeft,bridge Ty

0 —1 0 —1\—1
CBriclge = ((Climb,left,bridge) + (Climb,right,bridge) )

Appendix D. Supplementary data
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